Abstract. A new fixed point theorem for Mönch maps on locally convex spaces is given. In addition, a continuation theorem for Mönch maps is presented.
Introduction
In 1980 Mönch presented a fixed point theorem, for maps between Banach spaces, which extends the Schauder and, more generally, Sadovskii fixed point theorems.
The fixed point theorem of Mönch has been particularly useful in establishing existence of solutions to nonlinear boundary value problems in Banach spaces (see [5, 7] ). Our paper has two main goals. The first is to extend Mönch's theorem to the locally convex space setting, and the second is to show that the property of having a fixed point is invariant by homotopy for Mönch type maps. More precisely we show that if the zero map is essential and F ∼ = 0 , then F is essential. Our results improve, extend and complement previously known results [1, 4, 7, 9] .
Mönch type maps
We begin by presenting a continuation theory for Mönch type maps. Let E be a Hausdorff linear topological space, U an open subset of E and 0 ∈ U . Definition 2.1. We let M (U , E) denote the set of all continuous maps F : U → E which satisfy Mönch's condition (i.e. if C ⊆ co ({0} ∪ F (C)) and C ⊆ U is countable, then C is compact); here U denotes the closure of U in E. 
Since H ∈ M (U , E) , we have that C is compact. From (2.3b) there exists a subsequence N of {1, 2, · · · } and an x ∈ C with
This together with x n = t n H (x n ) for n ∈ N , and the continuity of H, yields x = t H (x) and so x ∈ B = B. Consequently B (= B) is sequentially compact, so is compact from (2.3b).
Define a map
We first show R µ satisfies the Mönch condition. Let C ⊆ U be countable and
Before we give an example of a zero essential map in M ∂U (U , E) we present another result which is useful in applications. Our result extends [ 
Also B is closed and B ∩∂U = ∅. As in Theorem 2.1 (use (2.6)) there exists a continuous µ :
Now R µ is continuous and satisfies Mönch's condition (use (2.6)). Moreover for
. Thus x ∈ B and so µ(x) = 1, i.e. x = H 1 (x). 
Also if (2.3b) occurs we could replace (2.6) with (2.7) and if C ⊆ U is countable and
Notice it is easy to establish the analogue of Theorem 2.1 and Theorem 2.2 for multivalued maps which are closed (i.e. have closed graph). We leave the details to the reader.
Next we establish a generalization of Mönch's fixed point theorem.
Theorem 2.3. Let E be a quasicomplete metrizable locally convex linear topological space and let Ω be an open, convex subset of E with x 0 ∈ Ω. Suppose there is a continuous map F : Ω → Ω with the property:
Then F has a fixed point in Ω.
Proof. Let
We claim D n is relatively compact for n = 1, 2, · · · . If E is complete this is clear since the continuous image of a compact set is compact and the closed convex hull of a compact set is compact in a complete Hausdorff locally convex linear topological space [11, p. 67] . Next recall the following four properties: (i) if X is any Hausdorff locally convex space, the convex hull of a totally bounded subset of X is totally bounded [10, p. 72] , (ii) a subset of a metric space is compact if and only if it is complete and totally bounded [3, p. 275 ], (iii) in metric spaces closures of totally bounded sets are totally bounded, and (iv) in a Hausdorff locally convex space X if K is a compact subset of X , then K is bounded and so also is co (K) [10, p. 38 ]. Now it is clear that D n is relatively compact for n = 1, 2, · · · if E is quasicomplete since closed, bounded subsets of quasicomplete spaces are complete [note in fact we also have D n is relatively compact even if E is not metrizable].
Notice
Also since compact metric spaces are separable, each D n is separable so there is a sequence of countable sets {C n } with
It is immediate since (D n ) is increasing that
The continuity of F implies
Then (2.10), (2.11) and (2.12) imply
Since C is countable we have from (2.9) that C is compact. Hence D is compact. Also notice from (2.13) that
We may apply the Schauder-Tychonoff Theorem to deduce that F has a fixed point in D.
Remark 2.3. Note that (2.9) could be replaced by the more general assumption:
Note also that it is enough in Theorem 2.3 to assume E is a quasicomplete Hausdorff locally convex linear topological space where compact spaces are separable. 
Then F has a fixed point in Q.
Proof. Essentially the same reasoning as in Theorem 2.3 establishes this. However, here we provide a second proof. By Dugundji's extension theorem [12] there is a continuous map F : E → Q with F (x) = F (x) for x ∈ Q. Let C ⊆ E be countable and
Since F (C) ⊆ Q we have from (2.15) that C ⊆ Q and as a result F (C) = F (C). We may now use (2.14) to deduce that C is relatively compact. Next apply Theorem 2.3 to F with Ω = E to deduce the existence of an x ∈ E with x = F (x). Since F (x) ∈ Q we must have x ∈ Q and so x = F (x) = F (x).
Our next result is an example of the zero map being essential in M ∂U (U , E). Proof. Let θ ∈ M ∂U (U , E) with θ| ∂U = 0. We must show that there exists x ∈ U with θ(x) = x. Let Q = co (θ(U )) and let F : Q → Q be given by
Now 0 ∈ Q, F : Q → Q is continuous and satisfies (2.14) (with x 0 = 0). To see this let C ⊆ Q be countable with C ⊆ co ({0} ∪ F (C)). Then
Notice C ∩ U ⊆ Q is countable and
Now since θ ∈ M ∂U (U , E) we have that C ∩ U is compact. Then since θ is continuous, θ(C ∩ U ) is compact, and now since E is a quasicomplete metrizable locally convex space, co ({0} ∪ θ(C ∩ U)) is compact. Thus since
we have that C is compact. Consequently F : Q → Q satisfies (2.14) (with x 0 = 0). Theorem 2.4 guarantees that there exists x ∈ Q with F (x) = x. Now if x / ∈ U we have 0 = F (x) = x, which is a contradiction since 0 ∈ U . Thus x ∈ U so x = F (x) = θ(x). 
